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Abstract

The principle of general relativity means the principle of general Lorentz-covariance of
the physical equations in the language of tetrads and metrical spinors. A general Lorentz-
covariant calculus and the general Lorentz-covariant generalisations of the Ricci calculus
and of the spinor calculus are given. The general Lorentz-covariant representation implies
the Einstein principle of space-time covariance and allows the geometrisation of gravita-
tional fields according to Einstein’s principle of equivalence.

1. The Meaning of General Lorentz-Covariant Derivatives

To understand the principle of general relativity it is necessary to
distinguish between systems of coordinates {x'} and systems of reference 2';
the former are quite mathematical and describe mathematical relations.
The independence of physical quantities of the choice of the coordinate
system is a logical necessity, but implies no physical consequences. On the
other hand systems of reference have physical reality; they correspond to
an arrangement of measurements, which determine the physical quantities.

In the simplest case such a system is realised by three measuring rods and
one normal clock. To every event of the space-time V, three rods and a
clock are attached (Treder, 1966).

A system of reference X' is represented mathematically by a field of four
vectors #4;, which can be assumed to be orthonormalised:

g = M WP, N 4Bs Nag = hathg g (1.1)
Here, g;, means the metric tensor of the space-time,
Nag = dlag (_1, ‘—1, ‘*‘]., ‘Jf‘].)

the Minkowski tensor; the Latin minuscules are tensorial indices in the
space-time and the Latin capitals denumerate the vectors, both indices
run from 1 to 4. The A4, themselves are functions of the space-time-
coordinates x!
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Equation (1.1) is the condition for compatibility of the system of reference
with a space-time of given metric g;. A coordinate transformation from
the Einstein group

a k
xl=xix¥), k4 =%,h4k (1.2)
transforms the tetrad vectors corresponding to the metric
ox* ox! ox* ox!
8nm = 5~ m i o M= 5w 5 w8k (1.3)

Equation (1.1) assigns universal Minkowski tangent space M, to the
space time V,. This M, represents the manifold ¥, dual to ¥,. The trans-
formation matrix A4, connecting V, and ¥,*, is anholonomic in general
with the Einstein object of anholonomy (Einstein, 1928; Schouten, 1953):

Ai;c/l = %hAi(hAk.l - hAl,k) (1-4)

the h4; being a system of reference compatible with the given metric g.
Also, the tetrad ~*, (Lorentz-rotated in the Minkowski space V,") represents
a compatible system of reference:

;lBi = UJBAhAi (1.5)
with
wAC Wpe = N4B (1.6)

The principle of general relativity now requires the equivalence of all
systems of reference compatible with the given metric structure gy of the
space-time.

This supposition is realised by the geometric objects of the space-time
V4 iff these depend on the Lorentz invariant combination (1.1) of the
tetrads and its derivatives only (see later).

The measured values ¢7 of physical quantities are invariant with regard
to choice of coordinate system, they have to be pure functions of the point
and therefore scalars in the space-time:

P = $T(x(x') = $T(x) (1.7)

Corresponding to the principle of relativity, the relations between measured
values of physical quantities also have to be independent of the system of
reference chosen. Especially, we have to require that ¢7 =0 iff ¢ =0.
From this it follows that the matrix has to behave covariantly with respect
to the Lorentz transformations (1.6), i.c. the matrix of the measured values
&7 has to be a Lorentz tensor of any degree:

‘ZA""B,...:wAlcl...wslpl"'¢Cl"'D1... (1.8)

From (1.7) and (1.8) it follows by (1.1) that a space-time tensor of the
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same degree can be coordinated unambiguously to every Lorentz tensor
of measured values of physical quantities:

qsil...klm___hAlil...thkl__.(/)Al...B!m (1.9)

These space-time tensors for their part are Lorentz invariant. Lorentz
tensors ¢4+ -5 and space-time tensors ¢'---, . are dual quantities,

The ordinary differential dé*- -, .. of a space-time tensor itself is not a
tensor, for instance:

ozx't
L AL — 1
A/t — it — (arq'n e lqﬁ)d (1.10a)
The differential becomes a tensor by addition of a compensating quantity
I}, ¢k dxt (1.10b)

where the affinity I}, satisfies the transformation law
ox't ax" ox* ,  ox/t oim
4 o ax P kot

From the g, and their derivatives alone, the Christoffel symbols only can
be constructed as affinity:

L

(1.10c)

T = lul =%£"[- Gitr t+ Gire T &rit] (1.10d)
They are Lorentz invariant. Likewise, the ordmary differential
dp = ¢ 1dx! = ¢ | hpdx® = ¢* pdx® (1.11a)

of a Lorentz vector ¢ is not a Lorentz tensor:
dt = (g $P) ; dx! (1.11b)
= (0?5 % + w5, ¢%) dx'!

A Lorentz covariant derivative has to be constructed using a compensating
Lorentz affinity

Ly, ¢ dx! = LA pc $F dx© (1.11¢)
with the transformation law
L4y = w'c wPy L + wipwg? (1.11d)

The only Lorentz affinity which can be constructed by the tetrads and their
derivatives alone readst

LABl = _VABI = +hAihzi;;z = —hBi /’lAi;z (1.12&)

t Starting in a flat ¥, from a special relativistic inertial frame, which reads 44, = 84,
in cartesian coordinates, and performing general Lorentz transformation A4; = w4585,
we find

A A c
Y BI=—wicwp
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Indeed these quantities realise the transformations law

¥ — wlcwp® yop = wpwp® = +wp  wp® (1.12b)

The quantities (1.12a) are the Ricci rotation coefficients of the tetrad field

h*;. Their space-time components (Eisenhart, 1927)

Y= hat WPy s = hy' by, (1.12¢)
@Pla=d4+¢" )

are not legitimate general relativistic quantities, they actually are space-time
tensors, but not Lorentz scalars. In that respect they are analogous to the
Christoffel affinity I'%;, which is Lorentz scalar, but not a space-time tensor.

Using the Lorentz affinity (1.12a) we define a Lorentz covariant derivative
with the Leibniz rule, for instance the derivative of a mixed Lorentz tensor

¢*p by
*piic = ¢*minhct = ds.c — ¥*oc $P8 + ¥Ysc b (1.13)

For a mixed space-time and Lorentz tensor, e.g. ¢4, we define the general
covariant (Lorentz covariant and coordinate covariant) derivative using
the Ricci rotation coefficients and the Christoffel affinity by

S =% — iyt — 4 Iy (1.14a)

This general covariant derivative specialises to the coordinate covariant
derivative

Fup=¢ +Iiydm =4, (1.14b)
for pure space-time quantities and to the Lorentz covariant derivative
Y= —yim =4, (1.14c)

for pure Lorentz tensors.
Besides the known indentities

8. =08%,=0 (1.15a)
O/ =98"5.=0 (1.15b)
Giwin =ik =0 (1.15¢)
Napiin = Nas1 = Yapt + Ypar =0 (1.15d)
we find also the covariant constance of the tetrads
P =k — BByt — ATy (1.16)

=h4 , — bt — Ty =0
Indeed
Viat+ iy =4% =hih% (1.17)
is the Einstein affinity with integrable parallelism (Einstein, 1928).
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Because of (1.1) and (1.16) there exists a unique correspondence (duality)
between the Lorentz covariant and the coordinate covariant representation
of tensorial quantities. For instance, it yields

¢ = (W D) hle = ¢ it (1.18a)
(Eisenhart, 1927) and .
¢*iep = P A hp! (1.18b)

Lorentz covariant derivatives of Lorentz tensors can be replaced by co-
ordinate covariant derivatives of space-time tensors, and vice versa. Both
types of covariant derivatives are dual to each other.

Especially, the curvature tensor of the Lorentz affinity equals the Riemann
curvature tensor. It yields

‘/’A//Bc - GAA//CB = (¢i;kl - ¢i;1k) W hg* het
=—Ripy ‘/’r e hg*he! = -ﬁl’D Rpsc (1.19)
The theorem of inertia in special relativity
uut =0

can be expressed by four scalar equations in a Lorentz covariant way

u et =W, — y*p ) hicu® =0 (1.20a)
and therefore it leads to the geodesic equation in a Riemann space V:
wht bt =utycu =0 (1.20b)

The requirement of covariance against any point-dependent Lorentz
rotation is of decisive importance in the derivation of the geodesic equation.
Only the covariance against rigid Lorentz rotations required (w?g, =0),
the ordinary differential

ui;k ukh,-A = uA//C uc = 0

had not to be completed by a Lorentz affinity:

q‘)A,,dxl =(¢i’1h‘4i +hAi,,<,‘bi)dxl (121)
(1.21) lead to the dual coordinate covariant derivative
d¢A hAk = ((]sk’i '+‘ hAk hAi,l ¢l) d.xl (1.22)

In these differentials the coordinate affinity equals the integrable Einstein
connection 4%,;. Then the tensorial transport in the V), is integrable, there
is no affine curvature and therefore no gravitational action. Accordingly
the principle of general relativity implies the Einstein principle of space-time
covariance of the physical equations formulated in space-time by the
requirement of Lorentz covariance of the relations between measured values
of physical quantities and enables the geometrisation of the gravitational
field.
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Under the assumption that the structure of the space-time is given only
by the metric g, and that any physical quantity is entirely given by Lorentz
tensors, it is possible to write the physical equations unambiguously by
space-time tensors, independent of any system of reference, and the
principle of general relativity reads in this case: “The basic physical equations
can be formulated in the ¥V, without referring to any system of reference
(Einstein principle of general relativity).”

For the relations between the measured values following from these basic
equations in ¥, to be independent of the choosen coordinate system (and
therefore not to forbid interpretation), these equations in space-time have
to be coordinate covariant (Einstein principle of covariance), The Einstein
form of the principle of general relativity represents the dual counterpart
of the requirement of Lorentz covariance.

2. General Loreniz-Covariant Calculus and Spinor-Calculus

There are two equivalent representations (dual to each other) for tensor
fields, realizing the principle of general relativity (Treder, 1966):
(1) the Lorentz covariant representation using coordinate invariant
quantities -5 , and
(2) the coordinate covariant representation using Lorenfz invariant
quantities ¢~ .
The equivalence of both representations follows from the unambiguity of
the assignment

A g = gt P (2.1a)

FARTTMI JARERY LA LR (2.1b)

Such an unambiguous coordination becomes impossible as soon as spinor
quantities are introduced. The introduction of spinor quantities implies at
first nothing further for tensor fields than the replacement of the single-
valued tensor representation of the Lorentz group by the double-valued
unimodular representation. At this metric spinors are assigned to the
tetrads of the systems of reference by

G = gt g (2.2)

and

In (2.2) the o*#" are the constant Pauli spin matrices. The Greek indices are
spinor indices and run from 1 to 2.
The orthogonality condition (1.1) now reads

YaB Yy = Gkom OJB\'t g1 = O'Aoul GBB& NaB (2‘33)
and o )
Eu= o Uzﬁv Yap Vv = h* hP o, UBﬁv Yap ¥ (2.3b)

Here the quantities

Yap = "VYBa ™ Yag = ~Yap with {')"aﬁi =1, YeaB ,yeﬁ = Soze (2.43)
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are the metric tensors of the spinor space and by (2.3) equal to
yiz=—yu =y =y=1 (2.4b)

The representation (2.3) is invariant with respect to unimodular trans-
formations in spinor space S, resp. S»¥, i.e. transformations

5% = ot a%g o 2.5)

of the metric spinors, where the transformation matrices of, = o, (x%)
realize the condition

Joy| = [et,| =1 (2.6)

The measured values being referred to the spinor spaces .S,, S, *, the principle
of general relativity implies that all measured values transform as spinors—
corresponding to the unimodular invariance of (2.3)

P=cyt,  P=oyf (2.72)
Corresponding to (2.2) this condition for spinors of degree 2#, like

‘l’m‘w 'zbu\'»aﬁs etc.
is equivalent to the condition that the measured values are Lorentz tensors:

qsue = Cauy ¢t = iy hyt QSA = Oy 45! (2.7b)
i, being a spinor, the ordinary derivative
d¢'u = ‘ﬁv.l dax! (283-)

is no spinor, for we have

zpv.l = (‘xvﬂ lﬁu),l = o, ‘7/’u,l + ot lﬁu (28b)

By the introduction of some compensating spinor affinity 4%, with the
transformation law

A_aﬂl == OﬁB# OC“V Auul + OCk,\ OC/\B,I (280)

the corresponding Lorentz covariant spinor derivative (Iwanenko, 1965;
and Elementary Particles and Compensatory Fields. Moskwa, 1964)

o dxt = ey — A¥y i) dx? 2.9)

is constructed. The spinor affinity has to be a space-time tensor for the
spinor derivative (2.9) to be coordinate covariant. The only affinity of this
kind which can be constructed from the metric spinors and their derivatives
alone is the affinity of Infeld and van der Waerden (1933):

AaBl =%0iw Tigv;l =%0m¢;1‘7iﬁﬁ (2.10)

Again we are able to define general covariant derivatives for mixed
tensor and spinor quantities, for example

o= 0+ T, — A%, 4%, (2.11)
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By (2.11) we obtain the known general covariant constance of the metric
spinors

okm"//” = Ukw.l + o I, + o+ Zﬂal + gt# A‘.’az =0 (2.12a)

Indeed, we have

M= oM+ 0" AR, =0 (2.12b)
where 4%, is the Einstein affinity (1.17)
Akrl = hAk hAr.l = Uk'm‘; Gru»'v,l (213)

(From (2.10) and (2.4) it follows
Yoapitit = Yaptit = ~Yad /1’\51 YA /1"&1
=M+ Agy =0 (2.14)

There exists a duality between the coordinate covariant equations of
tensor fields and the Lorentz covariant equations for the corresponding
spinor field of even degree:

Gusin = (015 )11 = 0sps ' (2.15)
With (2.2) and (1.14) and with

‘f’uv = ¢’k Oruy = ¢4 Cauy

we also get
Busiin &1 O + 1 Ot (2.16)
But because of (2.12) and (1.16) we have
= (@™ k")
o = o by o Ay, =0 (2.17)
For this it follows from (2.15) and (2.10):
buusin = ¢ =h* ¢y (2.18)

For spinors of even degree dual to tensor fields the spinor derivative and
the Lorentz covariant derivative are equivalent. The Lorentz covariant
equations for spinor fields of odd degree cannot be formed into coordinate
covariant equations without spinor indices.

As it has to be from reasons deriving from the theory of cognition, the
equations for any spinor fields can be formulated coordinate invariant
and—corresponding to the principle of relativity—also Lorentz covariant.
But for spinors of odd degree there is no representation which is Lorentz
invariant and coordinate covariant. Accordingly, the general version of the
principle of general relativity is represented by the postulate that all equation
of physics can be formulated in Lorentz covariant and coordinate invariant
terms. For tensorial quantities we have then also the dual version, that the
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equations of physics, concerning tensors, can be formulated in Lorentz
invariant and coordinate covariant terms.

By the coordinate invariant and Lorentz covariant formulation of the
physical equations, the principle of general relativity can be realised for
spinor as for tensor fields; a break-down of this principle in the sense of the
general Lorentz covariance of the relations between physical quantities can
take place only in this way: the geometry of the space-time V, is determined
not only by the Lorentz invariant metric g, but also by some non-invariant
combinations of the tetrad field /#4;. That implies, the laws determining the
structure of the space-time have to be continually coordinate covariant.
If these equations determine only the metric g, then the structure of the
space is Lorentz invariant. If also some non-invariant combinations of the
h4; are determined, then the general Lorentz covariance of the geometric
structure is broken off. Especially, the general Lorentz covariance of the
structure of the ¥, is repealed in full, if all sixteen components of the tetrad
field A4; are determined by the structure equations of the space-time
V, (Treder, 1967).
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